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Abstract-In this paper the correct decomposition of three-dimensional stress and displacement
fields for decoupling the mixed mode J-integral into mode I, II and III is presented. It is believed
that this has not been achieved before as certain components for the correct derivation have been
missing. It is shown that by using the correct decomposition method, a different area integral for
the mode II and III i-integrals is obtained. Several test examples are presented to demonstrate the
accuracy of the method. (~) 1998 Elsevier Science Ltd.

1. INTRODUCTION

Since the introduction of the I-integral as a fracture mechanics parameter by Cherepanov
(1967) and Rice (1968), many numerical solutions have been developed. The application
of the finite element method (FEM) and the boundary element method (BEM) to the
evaluation of the I-integral is well established for two-dimensional problems [see Aliabadi
and Rooke (1991)]. For three-dimensional problems the I-integral has been directly applied
to the finite element method by various workers [see Murakami and Sato (1983) ; Dodds
and Read (1990)], however, the evaluation of surface integrals is cumbersome in FE
analyses. This led to the modification of the .I-integral to a domain integral by Nikishkov
and Atluri (1987a), in which the I-integral is multiplied by a simple function called an "s"
function [see de Lorenzi (1982)]. The method is known as equivalent domain integral (EDI)
and is computationally appealing as the domain integral is accurately and easily obtained
in FE analysis. EDI has been applied to mixed mode problems by Nikishkov and Atluri
(l987b) and Shivakumar and Raju (1990) using the decomposition method [see Ishikawa
et al. (1979)]. In the decomposition method the mode I, II and III .I-integrals are directly
obtained from the mode 1, II and 111 stresses and displacements.

The application of the .I-integral method to BEM was recently presented by Aliabadi
(1990) for two-dimensional problems and by Rigby and Aliabadi (1993) for three-dimen
sional problems. Later, Huber et al. (1993) presented the formulation for problems involv
ing mode I and III. The BEM is ideally suited to the evaluation of the I-integral since the
required stresses, strain and derivatives of strain are accurately obtained at internal points
in the body given the surface displacements and tractions. These internal point solutions
utilize boundary integral equations and, hence, no discretization of the domain is required.
The I-integral is then calculated by integrating stress, strain and derivative of strain products
found from the internal points along a contour in a plane perpendicular to the crack front
and also over the area enclosed by the contour. Hence, the I-integral is accurately calculated
without altering the surface mesh.

To obtain the mode I, II, III .I-integrals the stress and strain products and stress and
derivative of strain products are combined from points symmetric to the crack plane. These
integrands are then integrated over the symmetric contour and area enclosed by that
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contour to yield two parts of the J-integral : one comprising of symmetric elastic fields (JS)
and the other comprising of anti-symmetric elastic fields (J AS

). The integral JS is equal to
the mode I J-integral, whereas the integral JAS contains both the mode II, III J-integrals. The
decomposition method further decouples the mode II, III stresses, strains and derivatives of
strain. The stress intensity factors are then obtained directly from the mode I, II, III J
integrals.

In this paper, the proper derivation of the decomposition method for mixed mode J
integral in the three-dimensional boundary element method is presented. It is believed that
this has not been obtained before, as some of the components for a correct derivation have
been missing. The first of these is the proper decomposition of stress and strain into their
mode I, II and III constituents. The equation used in previous papers [see e.g. Nikishkov
and Atluri (1987b); Shivakumar and Raju (1990) ; Rigby and Aliabadi (1993) ; Huber et
al. (1993)] is shown to be incorrect. Another component is a different area integral for the
mode II and III J-integrals to that quoted in Rigby and Aliabadi (1993) and Huber et al.
(1993). These two components are significant for the mode II and III J-integrals derived
by the decomposition method.

2. THE J-INTEGRAL

Here the energy momentum tensor of Eshelby (1970) is obtained for elastIc or nonlinear
elastic materials, and from this the three-dimensional J-integral is derived. The strain energy
density W in linear elastostatics is defined as:

W = W(e;) = f' (J'i deli i,j = 1, 2, 3

where (J1j is the stress tensor and eij is the strain tensor with components

(1)

(2)

Here u;.j denotes the derivatives of displacements U; with respect to crack coordinates Xi

shown in Fig. I.
Differentiatmg the strain energy density W with respect to Xk gives

Fig. I. Crack coordinate system and J contour.
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oW OEU-=(J.. 
OXk IJ OXk

=~(JU(~::+~;:) i,j,k= 1,2,3

using eqn (2). Consider

From equilibrium orrijoxi = 0; so substituting eqn (4) into eqn (3) yields
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(3)

(4)

(5)

as (Ju = (J/I by equilibrium of moments. Equation (5) can be rewritten in a more compact
form as

(6)

where bki is the Kronecker delta function and [Wbkj - (Ju(oujoxd] is Eshelby's momentum
tensor and is denoted by Pki [see Amestoy et al. (1981)]. All parameters in this tensor are
in terms of the crack coordinate system.

Consider a cross-section of a crack shown in Fig. 2. Integrating PklJ over any area Q
in the plane X 3 = 0, whilst excluding the crack singularity, gives

n

Fig. 2. Contour perpendicular to crack front at s, in the plane x, = O.
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(7)

where n(C-C1:) = n(C)-n(Ce) denotes the area delimited by the contours C, c.. and
crack surface y. According to Green's theorem

(8)

Since dX I = -n2dr and dX2 = nl dr (where n is the normal to the contour r) one obtains
from eqn (7)

where r is the contour around area n(C - Ce) and is, therefore, given by

1= C+C,+y.

Therefore, eqn (9) can be reordered as

(9)

(10)

(II)

Consider C, to be a circular contour of radius e. As e -~ 0 then it is generally held that the
area term on the right-hand side will tend to zero [see Dodds and Read (1990)]. From eqn
(11) the J-integral Jk(s) is defined to be

(12)

where r, is identical to contour c.. except that it proceeds in an anticlockwise direction.
Here J,,(s) is dependent on the position of the crack front s and is defined on the plane
X j = O. Taking k = I for a traction free crack, then the contour integrand over crack faces
}' is zero as ti = ufin, = 0 and n l = O. Therefore .. one obtains from eqn (12)

(13)

Consider contour I, held constant. Then the right-hand side of eqn (13) is constant for any
contour C, i.e. the right-hand side is path-area independent. The path-area independency
of J I (s) is limited to small regions around position s on the crack front. If parts of the path
are distant from the crack front, then J I (s) is influenced by the singular fields of the points
neighbouring s on the crack front. The J-integral is path-area independent in a global sense,
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i.e. the total strength of the singularity of the whole crack front is independent of the surface
enclosing it [see Shivakumar and Raju (1990)].

2.1. Mixed mode J-integral
For each of the three modes of fracture there is a corresponding J-integral, J 1, JIl and

Jm and these are related to Jk as follows [see Cherepanov (1979)] :

The J-integrals ]"4 for each mode M = 1, II and III are defined as :

(14)

(15)

M ~ (M Mau': \)J = . W nl -au -;.-n j dr,
r ex, M = I, II, III (16)

where rC. is a contour normal to the plane X 3 = 0 of vanishing radius e which proceeds in
the anti-clockwise direction. Here aif and u;\1 are the mode M stresses and displacements,
respectively (see Section 2.3) and W M = S~) aif d(e;y). The path-area independence of JM

will be discussed in Section 2.3 and eqn (14) is proven in that section.
One can also define the Gill integral [see Nikishkov and Atluri (1987a)]

(17)

where r" is a contour of vanishing radius e in the x, = 0 plane, perpendicular to the crack
front and

(18)

For linear elasticity, the relationship between J} and the mode I, II and III stress
intensity factors can be obtained by substituting the three dimensional stress fields in the
Appendix into eqn (13). This yields:

J} = JI +JJl +J IIJ

1 2 2 I 2
= E*(KI +KId + 2/l Kill (19)

where E* equals Young's modulus E for plane stress, E* = E/(1 -- v2
) for plane strain and

/l is the shear modulus. Note that a plane stress or plane strain assumption is required to
obtain stress intensity factors from the J-integral.

Equations (14)-(19) can be used to obtain the mode I, II and III stress intensity factors
from J Io J2 and Gm as follows:

K r;:;-;2(:;JTIm=Y/ll.

(20)

(21 )

(22)

However, the use ofJ2 leads to numerical difficulties as it will involve integration of singular
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elastic fields over the crack surface. Also Herrmann and Herrmann (1981) found that Jz is
only path independent, in the same way as J I , if the integral of Wnz over the crack faces
vanishes (e.g. if the field stresses all and a22 are equal).

There is another approach which avoids the use of J2. The first step is to split the J1

integral into two parts:

J 1 = JS +JAS (23)

where JS is found from the symmetric elastic fields about the crack plane whereas JAS utilizes
the anti-symmetric elastic fields. This is demonstrated in the next section. The integral JS is
equal to JI as the mode I elastic fields are symmetric about the crack plane. This leaves
JAS = JII +Jill, from which JII and JIll are decoupled by the decomposition method (Section
2.3). Equation (19) is then used to calculate the mode I, II and III stress intensity factors.

2.2. Derivation ofsymmetric and anti-symmetric components
In this section the symmetric and anti-symmetric components of the J-integral in eqn

(23) are derived. These components are obtained from the symmetric and anti-symmetric
stresses and strains. Hence, these fields are presented first.

Consider points pea, b, c) and rea, - b, c) which are symmetric about the crack plane
Xz = 0 (see Fig. 3). For any arbitrary deformation, the stresses at points P(a,b,c) and
rea, -b, c) can be expressed in terms of symmetric and anti-symmetric components as
follows:

a 11P
S

a~~pa'11 P

al2P
s

a~~pa'12P

a13P
s

a~~pa'I3P
(24),. +

a~~pa 2Zp 0":~2P

a23P (1~; 3P a~~p

a BP _ S
a~~pa :l3P

and

Xz

al,s

X2

a AS
33

a AS
22

a AS
11

XI

a22
S

a,2s

.1:;3

a"
S

}-------------. XI

(J" AS
22

a AS
/ 12

(J" AS
11

(J" AS
33

Symmetric components Antisymmetric components
Fig. 3. Symmetric and anti-symmetric components of stress at points P and P'.
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allP' a~ I P' -tT~~p'

a 12 P' _. a~2P' a~~p'

a13P' a~ 3P' -an?'

S +
-a~~p'a22P' a22P'

a 23P' - tT~3P' a~fp'

tT 3 3P' (Tj3P' -a~ip'
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(25)

where S and AS denote symmetric and anti-symmetric components. Therefore, the sym
metric components of stress are given as:

a~1
aIIP+allP'

a~2 aI2P- a I2P'

a~3 aI3P+ a I3P'

a~2 2 a22P+a22P'

aL a23P- a 23P'

aj3
a33P+a3 3P'

and similarly

~~
alI P - allP'

a
AS
12 a12P+aI2P'

a
AS

aI3P-a I3 P'13

a
AS 2 a22P-a22 P'22

a
AS a23P+a23P'
23

a
AS tT3JP- a 33P'
33

(26)

(27)

for anti-symmetric components. The strains are related to stresses by Hookes' law:

where bij is the Kronecker delta and JJ. the shear modulus. Thus the strains can be written
as

(;ij == (;~ + (;~s

(;IIP+(;IIP' (;IIP-(;IIP'

(;12P-e I 2P' 612P+e I 2P'

I 6 13P +eI3P' I (;13P- e I 3P'
- + -- (28)
2 (;22P + e22P' 2 (;22P-(;22P'

e23P - (;23P' e23P + (;23P'

e 33P +633 P' e33P-6 33P'

The stresses and strains at point P' are now examined. Consider a function

Then differentiating with respect to X2 at P', one obtains
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aaij(XJ,X2,X3)1 = aai/: I , -X~..'X3)1 = _ aa;/(X~'X2'X])1
aX2 la. -h,c) c( -X2) (a,h.c) OX2 (a,h.c)

and so for equilibrium of forces at P'

Thus from eqns (26) and (27)

(29)

i,e. the symmetric and anti-symmetric stress fields exhibit equilibrium of forces.
The displacement derivatives au; jaxi and aufs lax j are now obtained from the strains

Sil' An example of this procedure is presented for au~s/ax2' Starting with

then

=! [CU 2 (!....'.., -X2'~ + ~~~(XJC~·2'X3)J
2 ax] a( -X2) la.b,cl

= -2] [CU;('::Y~'X2....'X~ - au;c.:~~'X0..22J
(.X] OX2 (a,h,c)

and so

The symmetric and anti-symmetric strains are related to the displacement derivatives by

N ] (cut' aUf)S --- -~+-.
il -- 2 eX

I
cX

i

for small deformation where N = S or AS, Therefore

and so

(30)
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In a similar fashion, all the symmetric and anti-symmetric displacement derivatives can be
obtained from eqn (30) and are:

aUi au~ au~s
~=~+ox, ax; ox,

I
2

OUI OU'I
~+---

ox; oXj

OU2 OU'2

ox} aXj

OU3 ou',
~+---

ox, oXj

I+ -
2

OUI OU'I
~--

ox! ox!
OU2 au~
~+--ox} oXj

OU3 au;
~--

ox) aXj

(31 )

Returning to the J-integral, eqn (13) can be written using the symmetric and anti
symmetric components as

(32)

using the definition of Win eqn (l) and including the (zero) area integral for Q( Co), By
inspecting Fig. 3, the symmetric and anti-symmetric stresses a;, at P' are related to the
stresses au at P as follows:

a'S
O"~ 1

'AS
-O"~~II 0" I I

's S 'AS AS0" 12 -0"12 0" 12 0"12
'S S 'AS

- O"~~~0" I, 0" 13 0" 13
'S

0"~2 'AS -O"~~(J 2~1 O"n

'S - 0"~3 'AS O"AS(J'i J 0"23 23

's O"L 'AS -O"N
0" 31 0"13

Similarly for strains:

'S

,~, I £'/\'s £AS£i I II - II

£?2 S £'AS
£~~-£'12 12

'S
£~3 f'AS -£N£1" '13

8'S "r 'AS
-8~i22 22 8]2

8'S -£~3 8'AS 8~i2.1 '23

'S (;~ , r'AS -8~i8:\, _
'33

and displacement derivatives with respect to x, :

(33)

(34)
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. 'AS) 1 AS
\

Ul.J ·-UI.1

'AS S
iuz.1 = z4.I,

'AS uAS
U3.1 .- 3.1

(35)

Consider contour C is symmetric about the crack plane Xz = O. Then the normal n' at r is
related to the normal n at P as follows:

Therefore, from eqns (33)-(35) the products in eqn (32) behave in the following manner:

(36)

(37)

(38)

where M, N = S or AS and aij' f.ij' ouJox] are values at point P and a;/, f.;i' ou;/ox 1 are
values at point r. In eqns (36)-(38), the positive sign denotes the case of M ,= N while the
negative sign denotes the case M #- N. Thus in the case of M #- N, the integrands in eqn
(32) cancel each other at symmetric points about the crack plane. As the contour C is
symmetric about the crack plane, then eqn (32) reduces to

(39)

where N = 1 for symmetric components (S) and N = 2 for anti-symmetric components
(AS), and W N = It a;~ d(f.~).

The path-area independence of JS and JAS is now established. From eqns (13) and
(36)-(38)

z i (N Nou;' )L ,. W n) -aij-",-nj dr,
N~ I r, ox)

Thus, eqn (39) can be reordered to give

(40)

(41 )

where r = C+ C,+y, It is now shown that this holds for each N. Applying Green's theorem
[eqn (8)J to eqn (41) one obtains, for N = S or AS,
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where area O(C - C,) contains no singularities and noting n3 = O. From eqn (3)

as (j~ = (j~. Also

as (j~,i = O. It can be easily shown from eqn (31) that

jj2 u~ j:J2 u;"
oXi OX~ = iJ~;;axi

and so from eqns (43) and (44)

I [0 W" j) ( aU
N
)]-- - - (jN_I dO = 0

!I(C--C,) oX 1 oXi I} ax 1 .

Therefore, by reordering eqn (42)

(43)

(44)

(45)

(46)

(47)

as the contour integrand is zero along y as tractions t~ = (j~nj = 0 and nl = O. If the contour
C. is kept constant, then the left-hand side of eqn (47) is constant for any symmetric contour
C. It is, therefore, path-area independent. It has already been noted that the integral over
area O(C,) tends to zero as c; -> O. Therefore, one can obtain from eqn (47) the path-area
independent integral:

f ( N N OU~ ) 'I a ( N au;")= W n j -(jij -~-nl df - -;- (ji3-;- dO
C OXI !I(C) uX3 UXI,

(48)

for N = S or AS. Here the contour I, is identical to the contour c.. except that it proceeds
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in an anti-clockwise direction. The mode I J-integral is given by JS, whereas JAS is related
to both the mode II and III J-integrals :

The decomposition method for decoupling the mode II and III terms from the JAS integral
is now presented.

2.3. Decomposition method
In this method the stresses, strains and derivatives of strain are decoupled into their

mode I, II and III components. This enables the mode I, II and III J-integrals to be
obtained. The mode I stresses are the same as the symmetric stresses [eqn (26)], whereas
the anti-symmetric stresses in eqn (27) are split into mode II and III.

2.3.1. Re-evaluation of stress decomposition. The decomposition of stress has been
given by various authors [e.g. Nikishkov and Atluri (1987a) ; Shivakumar and Raju (1990) ;
Rigby and Aliabadi (1993); Huberetal. (1993)] as:

where the right-hand side has been quoted as being equal to

a I I +17'11 all -a; I 0

(J 12 - (TIl 2 17 12 +17;2 0

1 a I:> +17'13 1 0 1 17 1] -0'13
-- +- +-
2 (J22 +aS2 2 , 2 ()(Jl2 --()22

1'1 23 -0';3 () 17 2:> +0;3

17 33 +17"3 () 17 3:< -0~3

In this section this equation is re-evaluated in the light of the three-dimensional stress
equations near the crack front given in the Appendix. It is found that the expressions
quoted for a~J and aWare incorrect.

In the Appendix the singular stresses and the constant stresses in the vicinity of the
crack front are listed. It can be seen that the a33 stress is zero for mode III in the vicinity of
the crack front and that the singular stresses are functions of sin(a8) and cos(b8) where a
and b are constants. Therefore, because of the properties of sin(a8) and cos(b8), one can
relate the stresses a;, at P' to the stresses ai, at P for each mode I, II or 1II. Thus, Table I
is obtained from the Appendix.

Referring to Fig. 3, it can be seen how the stresses in Table 1 relate to the symmetric
and anti-symmetric stresses. For example, from Table I the mode I a'12 at P' is equal to
minus the al2 at P, i.e. mode I a'12 = -aI2' From Fig. 3 the symmetric a~2 behaves in the
same fashion, i.e. a~ 2P" = -- a~ 2P' Therefore, (J112 = a~ 2 and similarly

Table I. Relationship between stresses Gil at P and G;, at P' for mode I, II and III

Mode I Mode II Mode III Non singular
~~----------~-------

G;, = -G" = 0
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at 1 aAS 0II
as aAS 012 12
at 3 0 aAS

13

a32
+ + 0aAS

12

a33 0 aAS23

a~3 aAS 0
B
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(49)

The non-singular stress a13 behaves in the same way as a~ 3, i.e. non-singular 0'; 3 ,= 0' 13 and
O'~ 3P' = a~ 3P' The singular stress aVL a11~ are both anti-symmetric and the non-singular
stresses 0'13, a23 are both symmetric. As the mode I stresses are considered to be symmetric,
then the non-singular a13, a23 are included in mode 1.

Therefore, from eqns (26), (27) and (49), the resulting stress decomposition is:

au :, a:j+a~}+aW

all +0"11 all-a'il

J,L"al2 -(j/12 a l2 +0"]2

I 0'13 +a'13 I 0
--

2
+- +21 0

(50)
a22 +a;2 2 a22-- a;2
a23 -a;3 0 a23 ;a'n
0"13 + a; 3 ,0'33--0';3

It can be seen that the term a 33 - a; 3 has swapped from the aW expression to the a::
expression compared with the decomposition equation used in Nikishkov and Atluri
(1987b). An example of the effect of the incorrect decomposition equation can be seen in
e.g. Rigby and Aliabadi (1993), where the mode II and in particular mode III results for a
penny-shaped crack have been adversely affected (see e.g. decomposition results in Fig. 7
of that reference). Equation (50) enables the proper decomposition of the ]As integral into
its mode II and III components, and this reflected in the accurate penny-shaped crack
results presented in Section 4.

2.3.2. Strain and displacement components. The strains are related to stresses by
Hookes' Law:

(51 )

where J;; is the Kronecker delta and J1 the shear modulus. The decomposition of the strains
can be achieved by simply inserting eqn (50) into eqn (51), for example

elil = 4~[all-a'II-(T~~)cakk-0'~dJ

= ~(ell-e'II)'

Therefore, the strains can be written as

(52)
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811 +8~1

812 -8'12

813 +8'13

822 +8;2

As strains are given by

o

o
o

o

(53)

then from eqn (53)

o
o

OU2 OU3 ou; au;
--+-+------"
aX3 aX2 a.x3 aX2

o

1
+

4

(54)

From eqn (54) the mode I, II, III derivatives of displacement are given as

au aul aull auIll
-'--=-' +-' +-'_.
ox] oX I ax] oX I

~ ~ ,CUI (lU]
au] OU'I--+-

aX I OXI --"-- 0
ox, ox,

I oU2 au; 1
cU2 au;

I 0
- ---- + -- +- (55)

2 oX I aX I 2 --+- 2 aU3 au;ax} ax] ----
aU3 au;

0
oX I oX I--+-

oX I oXI
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OUIOU']
~+~

OX2 OX2

OU2 ou;
~-~

OX2 OX2

OU3 ou;
--+~

OX2 OX2

1
+2

OU) OU')
~-~

OX2 OX2

oU2 ou;
~+~

OX2 OX2

o

1
+

2

o
o

OU3 ou;
--~

oX2 oX2

(56)

OU, OU')

I r ~
OU] OU')--+~

ox, oX3 -----

OX3 oX3
~Ui 1 OU2 ou; I

OU2 ou;~-- ~-~ + -< +--
ox, 2 ox, oX 3 2[ au, _ au:, 2 --+~-

ox, OX3
OU3 ou; ox, oX3 0~+~

ox, OX3

(57)

It is now shown that J, = JI + JII + Jill. It has already been demonstrated in Section
2.2, eqn (40) that

(58)

The symmetric fields are mode I, whereas the anti-symmetric fields are mode II plus mode
III. Therefore,

i [f" J i O(UII +u
lIl

)JAS = . "((]"II + (]"1Il) d(sI.I + SIll) n dr _ .((]"I.I + (]"I.II) ; ; n dr
') IJ I} IJ 1 II 1/ a J.

r,. I) r,. x]
(59)

However, there are no cross-products between stress and strain for mode II and mode III
from eqns (50), (53) and (55), i.e.

(60)

where M, N = II, III and n3 = O. Thus

(61)

and J I = P+JII+JIIl where JM is defined by eqn (16).
The mode 1, II and III J-integrals must be expressed in terms of the contour C to be

calculated by the boundary element method. To obtain the JM integrals from the mode I,
II, III stresses, strains and derivatives of strain, it is necessary to start from eqn (3) with k
set to 1 :
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(62)

Consider a cross-section of a crack shown in Fig. 2 where the contour r is defined as
r = C+C,+y. Integrating eqn (62) over the area Q(C-C,) which is bounded by rand
free from singularities:

(63)

Using Green's theorem [eqn (8)]

(64)

This can be written in terms of symmetric (i.e. mode I) and anti-symmetric (i.e. mode
II +III) components as

f [I
'· ] i a( S + AS)'I S AS S AS S AS Cij Cij

«(Jij+O"ij ) d(6i;+6ij) n l dr - (O"ij+O"ij) a dQ = O.
r, 0 O(C-C) XI

(65)

However, it has already been shown that products O"~ d(6~) cancel out for M # N and a
symmetric contour r [see eqn (36)]. Thus, eqn (65) reduces to

(66)

where N = 1 for symmetric components and N = 2 for anti-symmetric components, and
W N = Sri; O"~ d(6~). It is easily shown that this equation holds for each N. Applying Green's
theorem to eqn (66) one obtains, for N = S or AS,

as

=0 (67)

For N = AS, eqn (67) can be further decomposed into mode II and III components
as there are no cross-products between stress and strain for mode II and III. Therefore,

f M i Ma[;~W nl dr - . . O"ij -a-dQ = 0 M = I, II, III
r O(C-C,l XI

(68)

holds for each mode M. Here r = C+ C, + y (see Fig. 2). Concentrating on the area integral
in eqn (68) :
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1 7f;'J 1 if MM { ij dA M U i dA(J.- u- (J ---- u
neC-C,) i/ OX, - n(C-c,) ij 17X, OX;

as (J':! = (J'j~ and using eqn (2). However

Now from eqns (55) and (56) the following relationship is obtained:

whereas it is noted from eqns (55) and (57) that

a (OU~) a (OU~)
~lxl OX, # a:~~ OX~ M = II, III.

Substituting eqns (70) and (71) into eqn (69) and using relationship (72), gives:
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(69)

(70)

(71)

(72)

(73)

(74)

If M = I then o(JUc1xj = a(J~/aXi = 0 and so -- (a(J~doxJ +O(J:2!OX 2 ) can be replaced by
O(J~l!OXl' For mode II or III then comparing like terms in eqns (50) and (27) results in

Reordering eqn (75) yields

"'(JII C'l(J1I
_u_'_J +_~ =
OX] OX2

"'(JII C-I(JII "'(Jill
_U_2_' + ~ = _ ~
OX, (h l OXl

(75)

(76)

(77)
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It is also noted from eqn (50)

(78)

oalll oalII
__II + _1_2 = 0 (79)
ox, oX2

Hence the components (oaJ;(/exl +OIJt{/OX2) can always be replaced by oaWox3'
oa11~/ox3' aa~13/aX3 or zero for mode II or III.

Applying Green's theorem to eqn (74) yields

as n3 = O. Combining eqn (82) with eqn (68) yields

i( ;, M) f [(;' M ;"\ ,11);"\ M ;,2 ,11 JM M uUj u(Til uaj2 uU j M U U j drl 0W n -a --n dr+ --+_. ---(J ~~=
r "J OX, J n(c-c,) , ox, OX2 OXI /3 OX I OX3 .

(82)

(83)

The contour r can be separated into contours C, C, and y. The contour integral is zero on
y as n, = 0 and tractions ttt = aiYn j are assumed to be zero. The area integrand is of the
type

noting eqns (76)-(81). The area integral over n, will tend to zero as £ ...... 0 as fA is similar
to O/OX3[IJjJ(OU'/()x,)]. Replacing C, by its anti-clockwise equivalent r, and utilizing the
definition of JM in eqn (16) yields

(84)

The area integral in eqn (84) is different from that quoted in previous papers [see e.g. Rigby
and Aliabadi (1993) ; Huber et al. (1993)]. The area integral has been quoted as
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This area integral is erroneous from eqns (50) and (55) as
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which would result in JI #- JI +JlI + jill.

It is noted from eqn (73) that o2 u'(jaXI oX3 #- 02U~/OX3 aX j for M = II and III. The
term o2ujexj OX3 is obtained by differentiating oujox3with respect to XI' Hence, from eqn
(57) :

a2U2
~ ~

2 ax] aX3

I
+

2

o
o

iYU3 (j2u;
----~-~---

aXI eX3 aXI eX3

C2 U I (]2 U;
-------

cX1CX3 ax] aX3

o

(85)

The mode I, II and III J-integrals can be found from eqn (84). The stress intenSity factors
can be related to the J-integral by using eqn (19) :

J = JI +f I + Jill

I 2 2 I 2
= E*(K1 +KlI )+ 2J1KIII

where E* equals Young's modulus E for equivalent plane stress and E* = E/(1 - v2
) for

equivalent plane strain and J1 is the shear modulus.

2.3.3. Path-area independence of JM. Path-area independence is investigated by inte
grating eqn (6) (with k = I) over an area containing no singularities for each mode. This
integral is equal to zero for symmetric and anti-symmetric stress fields. Using Green's
theorem:

I OpM I [aw
M

a ( CUM)]--~dO = -- - - aM -'-- dO
!l(C-C,) aXj !l(C-C,) ax I aXj '1 ex I ~

I( M \1 eu~) I C ( M(]U~)= W n - a' -- n dr - --- (J - dO
r I" ax, } !lIC-C,i aX3 ,3 aXI

(86)
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for M = I, II, III where r = C +C, + y (see Fig. 2) and O(C- c,) is the area bounded by r
and free from singularities. The area integral on the left-hand side becomes

using eqn (3) and at! = a'j!. This integral is zero for mode I as aL = 0 and
iYuUoxl oXj = 02UUOXj oX 1 [see eqns (50), (55)-(57)]. Thus, reordering the right-hand side
of eqn (86):

f ( I I au:) i a ( I au:)= -. W nl--(Jij-nj dr- . _. (J;3- dn
c, aXI 11(C,) aX3 oX 1

(88)

as the contour integrand is zero on I' for a traction free crack and n, = O. For constant C,,,
the left-hand side is constant for any C. Hence the left-hand side is path-area independent.
Also the integrand over area O(C,) will tend to zero as noted before. Thus, one obtains

f( I IOU:) i 0 ( 1 au~)= W n -(J.·----n· dr - -- (J - dO
I 'I rl' a 13 ;\

C (,XI - o(C) X3 UXI
(89)

where JI is path-area independent and the contour r l is identical to contour Co except that
it proceeds in the anti-clockwise direction.

For mode II and III, the area integral in eqn (87) becomes

(90)

as 02U~ lox i oXj = 02U~ IOXI aX, fori = 1,2, but not for j = 3 [see eqns (55)~(57)] and also
(J~ ¥ 0 for M = II, III, as can be seen in eqns (50). This area integral is equal to the left
hand side of eqn (86) and so

f ( 1
M

) i '1 ( .., M)M H ( U; (, M (iU iW n -(J'. --~-n· dr - ~-- (f- ~-. dOI '/ -, ::l ,.\ -
r (;XI O(C~c,) u.x., (X,

(91 )

Therefore
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i( :lM) i [.(:lM :lM)~M :lZMJM MvUi veTil veTiz OUj M V uj dr\ 0W n -eT --n dr+ -- + -- -- -(J. --- ~~ =
r I IJ OXI J n(C~c,) . ax! oXz OX j ,3 ax, OX3

which is eqn (83). Splitting the contour integral into two parts

f ( :l M) i [(:l M :l M):l M :lZ MJM MVUj d V(JiI veTiz VUj M V Uj dr\
W nj-eTjj--n, r+ --+-- ---eTiJ--- ~~

c . ax, n(C) OX j oXz oX j oX j OX3
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(92)

(93)

as the contour integrand is zero on y for a traction free crack and nj = O. Consider Co held
constant. Then the left-hand side of eqn (93) is path-area independent as it has the same
value for any C. Also the area integrand is of the type

noting eqns (76)-(81). The area integral over Ol: will tend to zero as B -+ 0 as fA is similar
to O/OX3[eTiJ(OU,/oxl)]. Therefore

is path-area independent. Here the contour r, is identical to Cr, except it proceeds in an
anti-clockwise direction. It is noted that this is identical to eqn (84).

For modes II and III, SO Pk~.j dO #- 0 from eqns (86) and (90) where Pkj is Eshelby's
momentum tensor. Also eT:~~j i= 0 for M = II, III. Both of these expressions represent
equilibrium of forces in the stress field. Thus the mode II or III stress fields are not in
equilibrium individually. However, the sum of mode II and III constitutes the anti-sym
metric field which is in equilibrium Thus S pll+lll dO = 0 and (JI.HIII = 0. n k", . 1/,' •

3. THE BOUNDARY ELEMENT METHOD

The displacement values uj(X') at an interior point X' are given by

Ui(X') = LUij(X', x)tj(x) dr(x) -- Ir TitCX', x)Uj(x) dr(x). (94)

The terms Uij(X', x) and Tij(X', x) are the fundamental displacement and traction solutions,
respectively, for a point force in an infinite domain (i.e. Kelvin's solution), Uj and t j are the
known values of displacement and traction on the boundary r. The strain field throughout
the body may be obtained by differentiation of the above equation to yield (assuming zero
body forces) :



2094 R. H. Rigby and M. H. Aliabadi

Uj.k(X') = ( Uij.k(X', x)tj(X) drcx) - ( Tij.k(X', x)u)x) drcx)Jr Jr (95)

where i,j range from 1 to 3 and x is a point on the surface r. The stresses at interior point
X' are given by

(96)

The area integrals defined in eqns (48) and (84) require two more boundary integral
equations to give i;2ujOXI oX3and o(J')jox). As o2ujOXI ox) = iPuioX30Xl then this kernel is
obtained by differentiating eqn (95) (with k set to I) with respect to X3 and O(J'3jeX3 is
obtained by differentiating eqn (96) (with i set to 3) with respect to X 3• Hence:

Ui . 31(X') = LUi}.31 (X',x)tj(x) drcx)-LTij.31 (X',x)Uj(x) drcx) (97)

and

4. TEST EXAMPLES

The test examples establish the accuracy and reliability of the proposed J-integral
technique for the embedded penny-shaped crack in an infinite domain, for which the exact
solution is available. Path-area independence of the J-integral is investigated.

4.1. Inclined penny-shaped crack
A crack at the centre of a large cylinder of radius d and height 2h (see Fig. 4) was

modelled. The stress intensity factors for this configuration should be very close to those
ofan inclined penny-shaped crack under remote tensile loading in an infinite elastic isotropic
body. The crack has a radius a and is inclined at an angle of IX to the Xl axis of the cylinder.
The loading is a tensile stress of magnitude (J' applied on the ends of the cylinder. The crack
length to cylinder radius ratio was chosen as aid = 0.1 and the height to radius ratio as
hId = 1.5. The Poisson's ratio was chosen as v = 0.3.

a

I
2h

1
a

Fig. 4. Inclined penny-shaped crack.
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Table 2. Results for penny-shaped crack, .~ = Oc

Mesh density ria Kt Kt% error K~ K~,

Coarse 0.25 1.0126 1.3 7.0x 10-' 4.7xlO-'
Coarse 0.5 0.9907 -0.9 lAx 10- 7 9.3 x 10-'
Coarse 0.75 0.9812 -1.9 2.lx10· 7 1.5 x 10- 7

Fine 0.25 0.9927 -0.7 1.5 x 10-- 6 2.7 X 10- 7

Fine 0.5 0.9969 -0.3 1.6 x 10- 6 3.7 X 10- 7

Fine 0.75 0.9922 -0.8 1.6 x 10- 6 5.1 X 10- 7

4.1.1. Numerical results-non-inclined crack. For lI. = 0° both KJI and KlIl are zero and
Kt= 1.0 where Kt= KdKo [see Tada et al. (1985)]. Here Kthas been normalized by the
stress intensity factor Ko for a penny-shaped crack in an infinite body:

2 c
Ko ='--ayna.

n

Two boundary element models were set up: the first model has two regions, 120
elements per region and 760 nodes and the second is a finer mesh with two regions, 168
elements per region and 1144 nodes. The I contour to crack radius ratios of ria = 0.25,0.5
and 0.75 were tried. The minimum element side length on the crack faces was 0.5a for the
coarse mesh and 0.25a for the fine mesh. The results for e= 30° are shown in Table 2.

The Kt results are very accurate for ria = 0.25 and 0.5, and not much advantage is
gained by using a fine mesh rather than a coarse mesh. However, for ria = 0.75 the accuracy
of the I-integral results are more sensitive to mesh density. The effect of the coarse mesh
on the accuracy of the results (which is most pronounced for ria = 0.75) demonstrates that
a certain degree of mesh density is required to reasonably approximate the displacement
and traction fields around the crack front.

It can be seen that the path-area independency of the I-integral is maintained at various
radii. If the ratio ria ~ 0.5 then good accuracy is obtained regardless of fineness of mesh
employed. This indicates the robustness of the I-integral method. It is also noted that the
ratio of the area part of the I-integral to the contour part was approximately 0.067 for
ria = 0.25 and 0.176 for ria = 0.5.

4.1.2. Numerical results-inclined crack. Next the crack is inclined at an angle of 30°
then 45". For each configuration two mesh densities were employed of the same density as
those used for the non-inclined crack. The I contour to crack radius ratios of ria 0= 0.3, 0.5
and 0.75 were used for each ria ratio. The maximum percentage error for the stress intensity
factors compared to the theoretical solution from Tada et al. (1985) is presented in Table
3 for the 45° configuration. The percentage errors for the 30° configuration are slightly
smaller.

Table 3. Percentage errors for penny-shaped crack, ()( = 45

Decomposition % error

Mesh Max Kt MaxK~ Max Kt,
density ria % error () = 0° () = 90'

Coarse 0.3 1.2 0.2 2.5
Coarse 0.5 -2.1 -2.2 -1.3
Coarse 0.75 -1.7 -0.5 2.6

Fine 0.3 -1.3 -0.7 -0.2
Fine 0.5 -0.3 -0.2 2.1
Fine 0.75 0.9 0.7 9.5
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1.2,----------------------,

Kill

-- Theory
00000 r/.a = 0.3
00000 r/a = 0.5
AAAAA r/a = 0.75

0.4

~

~

~0.8
] 1If------j~-____f!t_--__f!.r------ee---_e_--___.

N...
~

~
~

0. ClJ!'LLL-'---"-'-'--'-~2~0~-'---'-'-.LO.---'-;4;';;0~-'---'-~-';6-';;0~~~~8;7;0~~

Angle along crack front (fJ)
Fig. 5. Penny-shaped crack at 30° to tensile stress, fine mesh.

0.8.--------------

0.2 -

-- Theory
00000 r/a = 0.3
00000 r/.a = 0.5
AAt>t>A r/a = 0.75

o. eJ!JL..L..J.-'---"-L..L..J.~2&;;0~...........L..L..J.-';;4?i0~ ...........L..L..J.-76?i0L..L..J..........L..L..J.-a8&;;0L..L..J.-'-tI

Angle along crack front (fJ)
Fig. 6. Penny-shaped crack at 45° to tensile stress. fine mesh.

The normalized stress intensity factors Kt, Klj, Kn, are plotted against angle along
crack front 8 for the crack inclined at angles 30° and 45° in Figs 5 and 6, respectively. This
is for ria = 0.3, 0.5 and 0.75 using a fine mesh. The Kt, Kn, Kn, results for both the coarse
and fine meshes and ria = 0.5 are plotted against 8 for CI.= 30 and 45° in Figs 7 and 8.
respectively.

By inspection of Table 3 and Figs 5 and 6 it is clear that the ratio ria = 0.75 is too
large for accurate Kill values. The contour is close to the centre of the penny-shaped crack
and so the i-integral will be influenced by other parts of the crack front as well as the region
of interest.

Good results were obtained for ria = 0.3, 0.5 for both the coarse and line meshes as
can be seen from Table 3 and Figs 5-8. This shows that the implementation of the i-integral
is robust for ria ~ 0.5.
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1.2r-----------------------,

-- Theory
00000 Coarse mesh
00000 Fine mesh

K,

0.4

tlC"0.8
~ ltI-----&----e--.--e--~r---___1:t_-_lIl
II>
.~

l

0. ~LJ..,L...L..LJ...J....L_j,2~0~...L..LJ...J....L-';4;';;0~...L..LJ...J....L-';6?;0~...L..LJ...J....L~8~0~-"l!l

Angle along crack front (8)
Fig. 7. Penny·shaped crack at 30' to tensile stress, ria = 0.5.

0.8r---------------------;

-- Theory
£>.£>.£>.£>.£>. Coarse mesh
00000 Fine mesh

0.2

o. rlt!I-L.L.L-W-LLl.-!=:2k0 LLl..J....LJl...U.-':;4""0LLl..J....LJl...U.-';-6""0l...U..L.LJ....L.J...-f=;S""0l.J·..L.-'e

Angle along crack front (8)
Fig. 8. Penny-shaped crack at 45' to tensile stress, ria = 0.5.

The ratio of the area part of the i-integral to the contour part (Rwr) varies according
to the radius of the J contour, and generally increases as ria increases. For r/a= 0.5 the
ratio Rwr was 0.15, 0.11 and 0.285 for iI, jII and i lJI

, respectively, and there was no
variation with fJ or with ex. However, Rolr did vary with fJ for JAS with ranges
R~~r = 0.11-0.285 for fJ = 0 to 90°, but did not vary with ex. The total i-integral Rn;r varied
with both fJ and ex and was R}l;'r' = 0.14-0.19 for ex = 30° and R}l/r = 0.13-0.225 for ex = 45°
(fJ = 0-90").

In conclusion the decomposition method gives good results for mode I, If and III
stress intensity factors. The graphs in Figs 5 and 6 show that the i-integrals follow closely
the theoretical stress intensity factors for the entire range e= 0--90" for both ex ,= 30 and
45°. Better results are obtained with a finer mesh as would be expected (see Fig. 8), however,
the gain in accuracy in the stress intensity factors is not large.
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5. SUMMARY

In this paper mode I, II and III stress intensity factors have been obtained using the
i-integral technique applied to three-dimensional boundary elements. Mode II and III
stress intensity factors have proved problematic in the past and so a rigorous derivation of
the decomposition of the i-integral into its constituent modes has been carried out. During
this derivation it was found that the decomposition equation used for stress by some authors
[see e.g. Nikishkov and Atluri (1987a) ; Shivakumar and Raju (1990) ; Rigby and Aliabadi
(1993) ; Huber el al. (1993)] was erroneous and that the area integral quoted previously for
mode II and III .I-integrals was incorrect [see e.g. Rigby and Aliabadi (1993) ; Huber et al.
(1993)]. The path-area independency of mode I, II and III .I-integrals was demonstrated.
That the decomposition method has been successfully implemented was demonstrated by
the penny-shaped crack example where the mode I, II and 111 stress intensity factors were
all obtained to a good order of accuracy.

It should be noted that the best results are obtained if the contour radius is kept as
small as possible (ria ~ 0.5). This correlates with the observation that the i-integral should
be used only in the vicinity of the crack front in three dimensions. If the remote contour C,
used for the i-integral, is too large then it is influenced by other parts of the crack front
and not just the position of interest [see Shivakumar and Raju (1990)].
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APPENDIX

Hartranft and Sih (1969) used an asymptotic series expansion in three dimensions to obtain the elastic fields
along planes centred on points located on the crack front. The singular stresses at a point P specified by dimension
I (see Fig. 9) in a plane normal to the crack front are given as:



and
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Crack front

Fig. A I. Crack front axis system.

K, (I) II [ . II . 311J K II (I) . II [ 0 30J0'" = --_cos- I-sm-sm- - -,=sm- 2-tcos;;cos--
~r 2 2 2 j2nr 2 ~ 2

K, (I) II [ . Ii . 311-' K II (I) . II 0 30
0'2' =-=COS- l-tsm-sm- -t--sm-cos-COS--

- y/2nr 2 2 2 _ ~ 2 2 2

0'" = 2v [K~:COS~._ ICII(I) sin~J
. y2nr 2 ~ 2

0'" = !S(I) sin ~cos~cos ~{) + K~,(I)_cos~ [1- sin ~sin ~~-I
. j2nr 2 2 :2 V 2nl' 2 2 2 _
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(AI)

(A2)

(A3)

(A4)

(A5)

(A6)

The next term in the expansion yields stresses which are constant with respect to 1'. In the crack coordinate
system these stresses are:

(0'1I),=2C

(0',,), = 0

(O"J)' = (A-tB)

(0"2)' = 0

(A7)

where (0'), represents the second term in the series. A, B, C, D are functions of .XJ and are determmed from the
loading conditions of the problem under consideration.


